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Vibration of a Sandwich Plate Strip of Linearly
Varying Thickness
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University of Roorkee, Roorkee 247667, India

Free transverse vibration of a sandwich plate strip having a core of linearly varying thickness and symmetrical
faces of constant thickness is considered. The materials of the core and the faces are assumed to be linearly
elastic and isotropic. The effects of transverse shear deformation and rotary inertia are included in the core as
well as in the faces. The equations of motion derived by Hamilton's energy principle are solved by the Chebyshev
collocation method. Frequencies and mode shapes for the first four normal modes of vibration are plotted in
figures by varying the taper angle, thickness of the faces, initial thickness of the core, and ratio of the Young's
moduli of the faces and the core. Frequencies are also plotted by varying the taper angle and ratio of the densities
of the faces to the core in such a way that the total weight of the plate remains constant.

Introduction

I N recent years, sandwich constructions have gained a well-
established position due to their applications in aerospace

and marine industries. Sandwich constructions are lighter in
weight and have very high rigidity. The structural elements of
sandwich construction may be of varying thickness for further
reduction in weight or due to some specific design require-
ments. Sandwich plates of varying thickness are being used for
trailing edges of airplane lifting surfaces.

Habip,1 Plantema,2 and Bert3 have given reviews of the
work on sandwich constructions available in literature until
1979. Almost all of the work available to date on sandwich
structural elements is confined to elements of constant thick-
ness. A few papers available after 1979 on sandwich beams
and plates of varying thickness are as follows: Gupta and Jain4

and Paydar and Adams5 have considered the vibration of
annular sandwich plates of linearly varying thickness by tak-
ing faces as membranes. Taber and Viano6 have compared
analytical and experimental results for free vibration of
nonuniform composite beams. Paydar and Libove7'8 and Pay-
dar9 have considered the static behavior of sandwich plates of
varying thickness. Ko10 has analyzed free vibration of rotating
sandwich tapered beams. Kar and Sujata11 have considered the
dynamic stability of tapered symmetric sandwich beams.

In the present paper, free transverse vibration of a sandwich
plate strip of infinite length, finite breadth, and linearly vary-
ing thickness along the breadth is considered. The faces of the
plate are taken of constant thickness. They are taken identical
in material and dimensions and equally inclined to the middle
plane of the plate. The core of the plate is taken of linearly
varying thickness. Apart from flexural rigidity, transverse
shear and rotatory inertia of the core as well as of the faces are
included in the analysis. No restriction is imposed on magni-
tudes of the ratios between the thickness, material densities,
and elastic constants of the core and the faces except that they
are isotropic and linearly elastic. The equations of motion and
edge conditions are derived by Hamilton's energy principle.
They are solved by the Chebyshev collocation method. Fre-
quencies for the first four normal modes of vibration are
computed for clamped and cantilever plates for various values
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of the taper angle, thicknesses of the faces and the core, and
the ratio of the Young's moduli of the faces and the core.
Frequencies are also computed by varying the taper angle and
ratio of the densities of the faces and the core in such a way
that the total weight of the plate remains constant. Normal-
ized transverse deflections are also computed for the first four
normal modes of vibration. To check the validity of the theory
and the numerical method, frequencies are compared with
monocoque plates of linearly varying thickness and analytic
solution of a sandwich plate of constant thickness. A close
agreement is found.

Formulation of the Problem
A tapered sandwich plate of infinite length and finite

breadth a is considered. The core of the plate is taken of
thickness 2h\, varying linearly along the breadth. Each of the
two faces of the plate are taken of constant thickness /?/. The
plate is referred to rectangular coordinates by taking the long
sides of the plate in the planes x = 0 and a, and extending to
infinity in both of the directions of y axis. The middle plane,
lower and upper interfaces, and bottom and top of the plate
are taken as z = 0, =F h, and =F (hi + h2), respectively, where
a is the taper angle of the core thickness and /*2 = /z/sec a. A
section of the plate along the zx plane is shown in Fig. 1. Both
of the faces of the plate are taken of the same material and
dimensions but different from that of the core. The various
quantities for the core, the lower face, and the upper face will
be distinguished by the subscripts 1,2, and 3, respectively.

The displacement components v/, w/, and w/, / = 1, 2, 3, in
the directions of y, z, and x axes, respectively, are approxi-
mated according to Yu12 as

Fig. 1 Section of the plate along the z plane.
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where

u2(x,z,t) (1)

where ft and fa are angles of rotation in the zx plane of the
lines of the core and the faces originally normal to the middle
plane of the plate.

The nonzero strain components are found to be

= ̂ 3 = fa + U,

(2)

where a comma followed by a suffixed variable denotes differ-
entiation with respect to that variable.

The equations of motion derived by Hamilton's energy
principle are

ttt = 0 (3a)

ttt + 2h2fattt/3) = 0 (3b)

= 0 (3c)

nx,x-px2 -

qx>x-

and the edge conditions are vanishing of one member of each
of the following pairs:

where PI and p2 are the densities of the core and the faces
respectively, and

3 - nx2) , nx = mx2 + mx3 — h \ (nx3 - «x2)

px\ =QX\ + hi,x(nxi - nx2) (4)
PX2 =

dz (5)

^ is the average shear constant. The limits of integration for
the suffix / = 1 , 2, and 3 are - hi to h2, -(hi + h2)to -h^ and
hi to (hi + H2)9 respectively.

Since the materials of the core and the faces are linearly
elastic and isotropic, the stress-strain relations are taken as

axi = \iexi ,

X, =£/(! -*>?), + *;,)]

(6a)

(6b)

where Ef and vf are Young's moduli and Poisson's ratios,
respectively.

For harmonic vibrations, fa, fa, and w are taken as

Wi(x,t)9fa(x,t)tw(x,t)] = ( (7)

where w is the circular frequency of vibration.
With the help of Eqs. (2) and (4-7), the equations of motion

(3) obtained in terms of displacements are reduced to nondi-
mensional form:

(8a)

(8b)

(8c)

A, = 24^^! + 2R2H2)Hl,

n = 2A5/3- 24R2H?X-

(9a)

A2 = 2Hl(Hl + IRpHd®2 -6K, A2= 12R2H%

A4=-24R2H2HltX (9b)

A5 = 3JR///22122, ^46 = - 12Jf, A1 = 12R2H1H2

(9c)

(9d)

(9e)

(9f)

(lOa)

(lOb)

(10c)

2 = 2(1

Re=E2/El9

In Eqs. (9) the above expression, Q is the nondimensional
frequency parameter.

The linearly varying thickness of the core is taken as

tana/2 (H)

where H0 = h0/a , and H0 is the thickness of the core at x = 0.
Nondimensional bending moments and shear forces are

given by

Mx =

Nx = nx

(12a)

(12b)

(12c)

Solution by the Chebyshev Collocation Method
According to this method, one takes

where summation overy is taken from 3 to n; aJ9 bJ9 and c, are
unknown constants; and 7} are Chebyshev polynomials de-
fined as

7o=l , Tt=X9 Tj

Integration of Eq. (13) gives

(14)

(15a)
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Table 1 fl for sandwich plate of constant thickness

C-C plate F-C plate
MnH-nf #0 = 0.04, #/ = 0.01
vibration

Fundamental
Second 3.33621
Third 5.63808
Fourth 8.50521

CCM
1.52153
3.33621
5.63808

21.23460

1
6

13
8

AS
.52153
.83985
.09184
.50521

7/0 = 0.02, /// = 0.01
CCM

2.
6.

13,
6

.57930

.83985

.09184

.12644

AS
2,
2,
3,

21,

.57930

.05175

.87444

.23460

7/0 = 0.04,
CCM
0.63556
2.05175
3.87444
6.12644

Hf = 0.01
AS

0.
2.
6.

13.

,63556
.76750
,99922
,23150

HQ = 0.02, Hf = 0.03
CCM AS
0.62570 0.62570

2.76750
6.99922

13.23150

(15b)

(15c)

where

T*+ ' = rf , Tf + 1 = (7? +
A: =0,1, ?? = ry- (16b)

Substitution of j?i, £2» W, and their derivatives given by
Eqs. (13) and (15) into Eqs. (8) gives

(17a)

Table 2 fl for monocoque C-C plate of varying thickness
(a = 3.0 deg, H = 0.04)

RMP
Mode of

vibration
Ho = 0.03 #0 = 0.02 //0 = 0.01

DMP H2 = 0.01 PD H2 = 0.02 PD H2 = 0.03 PD
Fundamental 1.26509 1.25444 0.84 1.25223 1.02 1.25412 0.87
Second 3.14729 3.10139 1.46 3.08985 1.82 3.09547 1.65
Third 5.55005 5.44274 1.93 5.41573 2.42 5.42819 2.20
Fourth 8.26545 8.07614 2.29 8.03054 2.84 8.05381 2.56

Table 3 fl for monocoque F-C plate of varying thickness
(a = 3.0 deg, H = 0.04)

RMP
Mode of

vibration
Ho = 0.03 //0 = 0.02 //0 = 0.01

DMP H2 = 0.01 PD H2 = 0.02 PD H2 = 0.03 PD
Fundamental 0.34440 0.34435 0.01 0.34433 0.02 0.34435 0.01
Second 1.46907 1.46176 0.50 1.45863 0.71 1.45832 0.73
Third 3.40531 3.36957 1.05 3.35553 1.46 3.35546 1.46
Fourth 5.85137 5.76040 1.55 5.72837 2.10 5.73158 2.05

(lib)

(lie)

The satisfaction of Eqs. (17) at n-2 points given by the
formula

X = Xm = cos[(2m + l)/(n - 2) - ir/2]

m=0, 1, 2, . . . , m-3 (18)

gives 3n— 6 equations in 3« unknown constants. The remain-
ing six equations are obtained by the edge conditions. The
zeros of the 3nx3n determinant obtained from the coefficient
matrix of the 3n equations give frequencies for the normal
mode of vibration. For determining the normalized mode
shapes, any 3 - 1 out of 3n equations are solved by taking one
of the unknown constants as unity and the results are then
normalized.

The determinant and the simultaneous equations are solved
by Gauss elimination method making partial pivoting.

Edge Conditions
The following edge conditions are considered:
1) Clamped at both edges X= - 1 and X= 1 (C-C).
2) Free at the edge X = - 1 and clamped at the edge X = 1

(F-C). For clamped edge conditions: B{ = B2 = W = 0. For free
edge conditions: Mx = Nx = Qx — 0.

Numerical Results and Discussions
The frequency parameter 12 and normalized transverse de-

flection are computed for the first four normal modes of
vibration for various values of a, H0, Hf, and Re. Q is also
computed by varying a. and Rp in such a way that the total
weight of the plate remains constant. The weight of the plate
per unit length is {pi(2h0 + a tan oi) + 2p2h2] ag, where g is the
acceleration due to gravity. It is made nondimensional by
dividing by piga2 and denoted by V. Therefore, F = 2//0 +
tan a. + 2RpH2. Unless otherwise mentioned, the values of the
material constants are taken as PI = 0.1, Rv = 3.0, Re = 2000.0,
arid Rp = 30.0. K is taken equal to one because Yu13 has shown
that it is approximately equal to one for ordinary sandwiches
and Koplik and Yu14 have used the same value for sandwich
spherical caps. The numerical results are computed by taking
n - 20. Higher values of n do not improve the results at least
up to five decimal places.

To check the accuracy of the Chebyshev collocation method
(CCM), the frequencies of sandwich plate of constant thick-
ness computed 1) from the analysis of sandwich plate of
variable thickness by taking a = 0 (CCM) and 2) from the
analytic solution of sandwich plate of constant thickness (AS)
are compared in Table 1. The results match perfectly up to five
decimal places.

To check the validity of assumptions for displacements of
sandwich plate of varying thickness taken in Eq. (1), the
frequencies of the monocoque plate of varying thickness com-
puted 1) by reducing the sandwich plate to monocoque plate
by taking the core and the faces of the same material (RMP),
and 2) directly from the analysis of monocoque plate (DMP)
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are compared and percentage difference (PD) is given in Table
2 for the C-C plate and in Table 3 for the F-C plate. The inital
thickness of the monocoque plate is denoted by H. In the case
of the RMP, // = //0 + //2.

The difference in the frequencies is due to the round off
errors because a determinant of order 60 is computed in case
of RMP and a determinant of order 40 is computed in case of
DMP.

It is clear that the difference in the F-C case is less than that
of the C-C case.

For the first four normal modes of vibration, Q vs a, //0,
///, and Re are plotted in Figs. 2-5, respectively. Q vs a, when
the variation in a is adjusted by H0 or ///in such a way that the
total weight of the plate remains constant, is plotted in Fig. 6
for the C-C plate and in Fig. 7 for the F-C plate. Q vs Re, when

the variation in Re is adjusted by ///, is plotted in Fig. 8.
Normalized transverse deflection for the first four modes of
vibration is plotted in Fig. 9 for the C-C plate and in Fig. 10
for the F-C plate, a is taken in degrees everywhere.

Figure 2 shows that Q increases with the increase in a in all
of the four modes. The rate of increase is almost the same in
all of the four modes. The modewise rate of increase is higher
in the F-C plate than in the C-C plate. Figure 3 shows that Q
increases with the increase in HQ in all of the four modes. The
rate of increase increases as one goes to higher modes and this
increase is higher in the F-C plate than in the C-C plate. Figure
4 shows that, as ///increases, 12 first increases up to a certain
value of /// and then increases in all of the four modes. The
point from which the increase in Q starts shifts toward the left
as one goes to higher modes. This point comes earlier in the

—— C-C PLATE
—— F-C PLATE

MODE
• FUNDAMENTAL
• SECOND
• THIRD
• FOURTH

0-0 1-0 2 - 0 3 - 0 4-0 5-0

Fig. 2 fl vs a when HQ = 0.02, /// = 0.01.

3 - 5 - 2-

0-2 0-6 1-0 1-4 1-8 2-2

Fig. 4 0 vs Hf when a = 2.0, HQ = 0.04.

6 - 5 5-5

-4.0 -"6-0

0-2 0 - 4 0 -6 0-8 1-0 1-2

Fig. 3 ft vs HQ when a = 2.0, /// = 0.01.

3-0 J5-0

6-5- 5-5-

MODE

FUNDAMENTAL
SECOND
THIRD

• FOURTH

——— C-C PLATE
—— F-C PLATE

8-8 -110-0

3-8

2-8 J
0-5 1-0 1-5 2-0 2-5 3-0

Fig. 5 fl vs Re when a = 2.5, HQ = 0.03, and /// = 0.01.
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5-5r 3-5

5-1- 3 - 1

3 - 9 ' - 1 - 9

3 - 5 L 1-5

———— Hf ADJUSTING, H0=0-030
——— Ho ADJUSTING,Hf = 0-015

MODE

• FUNDAMENTAL
SECOND

• THIRD
• FOURTH

—— C-C PLATE
—— F-C PLATE MODE

FUNDAMENTAL
SECOND
THIRD
FOURTH

VARIATION IN Rf IS ADJUSTED BY Hf

Fig. 6 fl vs a for C-C plate when V = 1.0.

2-0 3-0 4-0 5-0 6-0 7-0

Fig. 8 fi vs Rp when a = 3.0, //o = 0.03, and V = 1.0.

—— Hf ADJUSTING, HO = 0'030

——— HO ADJUSTING, Hf = 0-015

MODE

FUNDAMENTAL
SECOND
THIRD
FOURTH

0-0 VO 2 - 0 3-0 4-0 5-0

Fig. 7 11 vs a for F-C plate when V = 1.0.

3-1 J5-7

Fig. 9 Normalized transverse deflections vs X for C-C plate.

C-C plate than in the F-C plate. Figure 5 shows that Q in-
creases with the increase in Re in all of the four modes. The
rate of increase increases as one goes to higher modes. The
rate of increase is higher in the C-C plate than in the F-C plate.

Figure 6 shows that in the C-C plate, when the increase in a.
is adjusted by Hf, 12 increases in the first and second modes
but decreases in the third and fourth modes. The rate of
increase decreases in the second mode. The rate of decrease
increases in the fourth mode. Q is not sensitive to a. when the
change in a. is adjusted by H0. Figure 7 shows that in the F-C
plate, when the increase in a is adjusted by Hf, Q increases in
the first three modes but decreases in the fourth mode. The
rate of increases decreases as one goes to higher modes so that
Q decreases in the fourth .mode. When the change in a is
adjusted by H0, Q increases in the first and second modes. The

rate of increase increases for higher values of a. The rate of
increase is very small in the beginning in the second mode. In
the third and fourth modes, Q decreases slightly in the begin-
ning and then starts increasing. Figure 8 shows that, when the
increase in Re is adjusted by Hf, Q decreases first rapidly and
then 'slowly in all of the four modes. The rate of decrease
increases as one goes to higher modes. The rate of decrease is
higher in the C-C plate than in the F-C plate.

Figure 9 shows, that in the C-C plate, the nodal lines and the
points of extreme deflection shift toward the left as a in-
creases. The magnitude of extreme c(eflection decreases with
the increase in a. Figure 10 shows that in the F-C plate, the
maximum deflection does not necessarily occur on the tip. As
a increases, nodal lines in the second mode shift toward the
right but in the third and fourth mode shift toward the left.
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Fig. 10 Normalized transverse deflections vs X for F-C plate.

The points of extreme deflection shift toward the left in the
second and higher modes. The magnitude of extreme deflec-
tion decreases with the increase in a.

Concluding Remarks
Some interesting things noted in the vibration of sandwich

plates are as follows:
1) As ///increases, the stiffness of the plate increases but the

frequency decreases in the beginning and then increases from
and after a certain value of ///.

2) When a increases in such a way that the total weight of
the plate remains constant, 12 increases in lower modes but
decreases in higher modes.

3) Q decreases in all of the modes of vibration when the
increase in Re is adjusted by H in such a way that the total

weight of the plate remains constant.
4) In cantilever plates, the maximum deflections do not

necessarily occur on the tip of the plate.
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